Abstract-The so-called "general two-trailers system" is a nonholonomic system composed of a controlled unicycle-like vehicle and two passive trailers with off-axle hitching. It is not differentially flat and cannot be transformed into the chained form system. Methods developed for this latter class of systems thus do not apply. The Transverse Function (TF) approach is here used to solve the trajectory tracking problem for this system, with the proposed control solution yielding practical stabilization of any reference motion, whether it is or is not feasible. Practical stabilization of non-feasible trajectories in the case of non-differently flat systems is of particular interest due partly to the difficulty of planning and calculating desired feasible state reference motions. The method is illustrated by simulation results which show that, in addition to the unconditional practical stabilization property evoked above, asymptotic stabilization of feasible and persistently exciting motions can also be achieved with the same performance as local stabilizers derived from a linear approximation of the tracking-error equations.
I. INTRODUCTION
Nonlinear control of the so-called "N -trailers system" (i.e. a unicycle-like vehicle with N trailers) has motivated numerous studies during the past two decades. Most of them assume that each trailer is hitched at a point on the wheels' axle of the preceding vehicle. This assumption implies that the system's kinematic model can be transformed into the canonical chained form, as shown by Murray and Sastry [1] in the one-trailer case, and by Sørdalen [2] in the case of an arbitrary number of trailers. The wealth of stabilization techniques developed for control systems in the chained form can then be applied. Another consequence of this property is that the system is differentially flat [3] . This allows for straightforward solutions to the path planning problem consisting essentially in the calculation of "feasible" reference trajectories, i.e. state trajectories that satisfy the system's motion equations, passing through desired state configurations. While a unicycle, or car, with a single off-axle hitched trailer remains differentially flat [4] , this property is lost when two or more trailers are hitched off axle. This latter case is usually referred to as the "general trailer system". The general two-trailers system, corresponding to a unicycle vehicle with two off-axle hitched trailers, is thus the simplest example in this category. The fact that, to our knowledge, This work has been supported by the "Chaire d'excellence en Robotique RTE UPMC". no exact path planner has ever been proposed for this type of systems is much related to the system's non-flatness. Although this difficulty seems, at first glance, disconnected from the trajectory tracking problem, it is in fact one of the motivations of the present study. The reason is that the trajectory tracking problem, commonly defined as the problem of stabilizing a reference trajectory asymptotically, i.e. with convergence of the tracking error to zero in addition to stability in the sense of Lyapunov, is well posed only when the reference trajectory is feasible. The difficulty of designing feasible reference trajectories between arbitrary state configurations led, in the past, trajectory tracking methods for the general trailer system to focus on very specific feasible reference trajectories, like fixed-points [5] , [6] and circular-like trajectories [5] . The present paper takes a different route. It is based on the Transverse Function (TF) approach developed by the authors in the last decade (see e.g [7] , [8] ) with the prime objective of achieving the practical stabilization of any -feasible or non-feasible-reference motion. The above considerations explain why bypassing the feasibility issue is of particular interest for systems which are not differentially flat. Now, practical stabilization of any reference trajectory is by no means opposed to asymptotic stabilization of feasible and persistently exciting reference trajectories, which should rather be considered as a complementary, more demanding and restritive, objective. The present study shows how these two objectives can be combined in a single feedback control law. However, by lack of a complete proof, the zeroing of the tracking errors is only illustrated here through simulation results.
The paper is related to several previous works by the authors, and more particularly to [9] where the control of a three-segments wheeled snake-like mechanism is addressed. The kinematic model equations of this wheeled mechanism and of the general two-trailers system are in fact identical. However, due to different means of actuation -shape angles actuation vs. wheels actuation-their control properties are different. In particular, some geometric configurations, such as aligned vehicles, are singular -and thus must be avoidedfor the snake mechanism, whereas they are not singular for the trailer system. On the other hand, local controllability at these configurations, i.e. the satisfaction of the Lie Algebra Rank Condition (LARC), involves Lie brackets of order three whereas it is sufficient to go to order two when the trailers are not aligned [9] . This issue is related to singularities of the control Lie algebra [10] which, in the snake-mechanism's case, coincide with actuation singularities, and the passage through which is avoided by forbidding all wheels' axles to intersect at the same point (which can be at infinity). Undulatory snake-like locomotion stems from this constraint. By contrast, in the trailer's case such configurations are not singular w.r.t. the actuation and thus should be permitted, all the more so that they allow for longitudinal motion without energy consuming maneuvers. However, due to the Lie algebra singularity issue evoked previously, achieving the practical stabilization of any reference trajectory turns out to be more difficult for the general two-trailers system. This fact also explains the chronology followed by the authors for the studies of these two systems. With respect to [9] , the present study shows how to deal with singular configurations in order to best exploit the motion capabilities of the trailer system and, in doing so, how to overcome the superior complexity induced by the necessity of using Lie brackets of higher order in the control solution.
The paper is organized as follows. Preliminary technical recalls and notation are provided in Section II. The system's kinematic model and some of its control properties are presented in Section III. The main contribution, which details the control design methodology based on the application of the TF approach, is presented in Section IV. Comparative simulation results of the TF control solution and a controller derived from a linear approximation of the system are reported in Section V. Finally, the concluding Section VI points out future research directions. Due to space limitations, proofs of the proposed results are omitted. They can be found in [11] .
II. NOTATION AND RECALLS
In this paper, x ′ denotes the transpose of a vector x ∈ R n , I n is the identity matrix of dimension (n × n), and O m×n is the zero-valued matrix of dimension (m × n). T p denotes the p-dimensional torus.
A. Systems on Lie groups
Only basic properties of systems on Lie groups will be used. A few definitions and notation are recalled hereafter. The reader is referred, e.g., to [12] for more details in the context of the control of nonholonomic systems.
The tangent space of a manifold M at a point q is denoted as T q M . If X is a vector field (v.f.) on M , the solution at time t ofẋ = X(x) with initial condition x(0) = q is denoted as exp(tX, q). A Lie group G is a manifold with a group operation (g 1 , g 2 ) −→ g 1 g 2 such that the
is smooth, with g −1 denoting the group inverse of g. Let G denote a connected Lie group of dimension n. The unit element of G is denoted as e, i.e. ∀g ∈ G, ge = eg = g. The left and right translation operators on G are denoted as L and R respectively, i.e.
df denoting the differential of a function f . The Lie algebra -of left-invariant v.f.-of the group G is denoted as g. If X ∈ g, exp(tX) is used as a short notation of exp(tX, e).
With f , g, and h denoting smooth curves on G, one has (omitting the time index)
and
In the special case of the Lie group G = SE(2), the group operation is defined by
with g i = (x i , y i , θ i ) ′ and Q(θ) the rotation matrix in the plane of angle θ. The unit element is e = (0, 0, 0)
′ and the inverse of g = (x, y, θ)
′ is
The family
and e 1 , e 2 , e 3 the canonical basis vectors of R 3 , constitutes a basis of left-invariant vector fields.
B. Transverse Functions
Notions about transverse functions are recalled -see e.g. [8] for more details. Let X = {X 1 , . . . , X m } denote a family of smooth v.f. X 1 , . . . , X m on a n-dimensional manifold M . X satisfies the Lie Algebra Rank Condition (LARC) at some point q 0 if Lie(X)(q 0 ) = T q0 M with
and Lie(X)(q) = {X(q) : X ∈ Lie(X)}. Given a compact manifold K, a smooth function f : K −→ M is transverse to X if, for any α ∈ K,
with df the differential of f . Note that the dimension of K must be at least equal to (n−m). Given q 0 ∈ M such that the family X satisfies the LARC at q 0 , the "Transverse Function theorem" in [7] ensures the existence of a family (f ε ) ε>0 of functions transverse to X, with max α dist(f ε (α), q 0 ) → 0 as ε → 0, where "dist" denotes any distance locally defined in the neighborhood of q 0 .
We slightly generalize the definition of a transverse function to any smooth function f : K × R −→ M by requiring that for any fixed time value t, the function α −→ f (α, t) is transverse in the above sense.
III. MODELING AND PROPERTIES OF THE CONTROL LIE

ALGEBRA
The general two-trailers system, whose view from above is sketched in Fig. 1 , is composed of a unicycle-like vehicle pulling two trailers with off-axle hitch points. The control inputs are the unicycle linear velocity v 0 ℓ and its angular velocity ω 0 . The two trailers are passive. For simplicity, for i = 1, 2 the distance between the center P i of trailer i and its hitching point L i , and the distance between L i and P i−1 are set equal to one.
Fig. 1. General two-trailer system
A. Modeling
For symmetry reasons, a body-fixed frame R c with origin P 1 is attached to the mid-vehicle, i.e. the first trailer. The configuration of this vehicle with respect to an inertial frame R 0 is thus characterized by (2) with x and y the coordinates of P 1 in R 0 , and θ the orientation of R c w.r.t. R 0 . The complete configuration vector of the system is given by (g, ϕ) ∈ SE(2) × T 2 with
the vector of hitch angles, also called the "shape vector" of the system. The following change of coordinates
is well defined away from the "jack-knife" angles ϕ 1,2 = π and is useful to avoid these "bad" hitch angle values. It also simplifies the control system equations. Indeed, with this new shape variables one obtains the following driftless control model (see, e.g. [9] for more details):
with X(g) defined by (5),
Since the relation between v and (v 0 ℓ , ω 0 ) ′ is biunivocal, one can now consider v as the control input. Setting ξ = (g ′ , η ′ ) ′ , this system may also be written aṡ
with
B. Properties of the control Lie algebra
The following proposition recalls controllability properties of System (10) and establishes other properties which play a key role in the forthcoming control design.
Proposition 1
The family of v.f. Z = {Z 1 , Z 2 } satisfies the following properties:
, and
IV. CONTROL DESIGN
Given a (any) reference Cartesian motion for the trailer system, specified by a reference trajectory g r (.) = (x r , y r , θ r ) ′ (.) ∈ SE(2), one of the control objectives is to stabilize at zero the tracking error defined bỹ
More precisely, the objective is to achieve the practical stabilization ofg = 0, i.e. the stabilization of a set inside a given neighborhood ofg = 0, having in mind that the more demanding objective of asymptotic stabilization of g = 0 is possible only when the reference trajectory g r is feasible for the mid-vehicle. In view of (8) this latter constraint implies that the reference frame lateral velocity, i.e. the second component of the vector v r defined bẏ g r = X(g r )v r , is identically equal to zero. In addition, the control law must ensure the boundedness of the internal shape vector η so as to prevent the unicycle and its trailers from colliding into each other, a phenomenom known as the "knife-edge" effect. Respecting this constraint constitutes in fact the real challenge, since otherwise it would suffice to control one of the vehicles without paying attention to the others. Another (complementary) objective is to achieve the asymptotic stabilization of feasible trajectories, i.e. the asymptotic stabilization ofg = 0. This property implies that v converges asymptotically to v r and that along the reference trajectory η satisfies the following relation (compare with (8))
For arbitrary time functions v r,1 , v r,3 , this system of equations does not admit closed-form solutions. This raises the difficulty of specifying a reference value η r for η. Note, however, that
is a solution when the ratio v r,3 /v r,1 is constant. This case corresponds to motions along straight lines and circles, with c r the associated curvature. When the linearized system along these trajectories is controllable, one can also apply classical linear control techniques to stabilize such trajectories. For the sake of completeness, a control law of this type is derived in Section V and its performance compared in simulation with the more complex, but also more versatile, TF control solution here proposed.
A. Extension to a system on a Lie group
Although System (10) is not a system on a Lie group, Property 2 of Proposition 1 points out that the Lie algebra generated by Z 1 , Z 2 is finite-dimensional, of dimension equal to six. This implies that there is a Lie group associated with this Lie algebra and that the v.f. Z 1 , Z 2 can be "lifted" to left-invariant v.f. on a 6-dimensional manifold. This property, which to our knowledge has not been reported before in the literature, will be exploited further for the control design. 
Theorem 1 Consider the dynamic extension of
with g x and g y denoting the first three components of x and y respectively.
Remark and correction of [13, Prop. 2] : Except for the Lie group invariance property, the control v.f. of System (15) share the same properties as the control v.f. of System (10).
In particular, the linearization of System (15) along feasible reference trajectories -for which v r,2 ≡ 0-associated with constant reference velocities v r1 and v r3 is also controllable when v r,1 = 0. This property is a counter-example to an earlier result, namely [13, Prop. 2] , which points out conditions on the control Lie algebra that are necessary to the controllability of a linear approximation along feasible trajectories generated with constant control inputs. It also gives us the opportunity to indicate that the proof of this result is correct when a complementary assumption of homogeneity upon the control v.f. is made. Since the control v.f. of (15) are not homogeneous w.r.t. any dilation, the above mentioned result does not apply and the controllability of the linear approximation cannot be ruled out.
B. Transverse functions
Previous papers (see e.g. [8] and [14] ) point out different algorithms to determine transverse functions (TF) for a set of control v.f. which satisfy the LARC. For instance, while the functions proposed in [8] are defined on a torus, it is shown in [15] and [14] how to define TF on a special orthogonal group when the LARC is satisfied with first-order Lie brackets only. This latter possibility is preferable for systems that exhibit specific symmetry properties (see [14, Sec . III] for more details). More generally, it is possible to combine different definition domains so as to produce TF defined on a product of toruses and special orthogonal groups. The TF proposed next belong to this third category.
The following notation is used. 1. ∆ ε and P denote constant matrices:
with Diag(x 1 , . . . , x p ) the diagonal matrix whose ordered elements on the diagonal are x 1 , . . . , x p . 2. Vector-valued functions involved in the calculation of the proposed TF are
with Q ∈ SO(3), θ i ∈ S 1 , sθ i and cθ i standing for sin θ i and cos θ i respectively,
3. Given v.f. X 1 , . . . , X p and a vector v ∈ R p , Xv is used for p i=1 v i X i to shorten the notation. There existε > 0 and constant parameters a 1,2,3 and d 1,2,3 such that the function f ε defined on T 3 × SO(3) by
is transverse to X 1 , X 2 for any ε ∈ (0,ε).
This result calls for several remarks.
1.Z 1 andZ 2 of System (15) satisfy the assumptions of this theorem, with G = SE(2) × R 3 . 2. With these control v.f. the explicit calculation of the functions (17) poses no difficulty. The expressions of these functions are not reported here for lack of space.
3. The rationale behind the proposed TF expressions is as follows. Three functions are involved, namely f (and subsequently f ε ) on two variables θ 2 and θ 3 , rather than only one -either one of them-, is not necessary. Accordingly, it is possible to set either a 2 or a 3 equal to (0, 0). We have kept the possibility of using non-zero values for both pairs of parameters because there is no reason for favoring one of the Lie brackets X 6 and X 7 w.r.t the other. This redundancy also grants more freedom as for the determination of the parameters a 1,2,3 for which the transversality property holds.
5. Once given the family of functions (17), it remains to determine values of the parameters ε, a 1,2,3 and d 1,2,3 -i.e. ten scalars-for which the transversality property is satisfied. The number of parameters can be brought back to four because the proof of Theorem 2 can be worked out with a i,1 = a i,2 (i = 1, 2, 3) and d j = d 1 (j = 2, 3). However, using a larger number of parameters yields more flexibility in the control performance and the monitoring of the tracking errors. For the simulation results reported further on, and in the absence of a better method to characterize a "good" set, we have essentially applied a brute "guess and check" method to find out values for which we are reasonably confident -after testing on various feasible and non-feasible trajectories-that they yield transversality and acceptable overall performance of the controller.
C. Tracking error system
From (2), (3), (4), (8), and (12), it follows that
the additive "perturbation" arising from the motion of the reference frame. Setting now ξ = g η this error-system may also be written aṡ
with Z 1 , and Z 2 defined by (11) , and
A dynamic extension, corresponding to the lifting of Z 1 and Z 2 toZ 1 andZ 2 evoked in Theorem 1, iṡ
The feedback control design reported in the next two sections uses the left-invariance ofZ 1 andZ 2 , and the transverse functions determined in Section IV-B.
D. Practical stabilizers
We first recall how Theorem 1 can be used for control design purposes [8] . Letf denote a smooth function defined on K × R, with K a ℓ-dimensional compact manifold. Let ( ∂f ∂α ) i , i = 1, . . . , ℓ denote a family of v.f. such that -for short, and with a slight abuse of notatioṅ
for some ℓ-dimensional "frequency" vector ω. Consider the "modified" errorz =ξ •f −1 . Several indexes are purposely skipped in forthcoming relations in order to lighten up the notation. From (2) and (21), and using the invariance ofZ 1 andZ 2 ,
This relation may also be written aṡ
The transverslity of the functionf w.r.t.Z 1 andZ 2 means that the 6 × (ℓ + 2) dimensional matrix-valued function H is of full rank (equal to 6) ∀(α, t). This in turn implies thatB is a full-rank matrix-valued function. Using the pair (v, ω) as an extended control input, it is then simple to design a feedback control which exponential stabilizesz = 0. Note, however, that we are only interested here in controlling the first five components ofz, sincez 6 = (ξ 6 − f 6 ) involves the variableξ 6 which does not correspond to any physical entity. Let z denote the vector regrouping these five components, p denote the first five components ofp, and B denote the 5×(ℓ+2)-dimensional matrix formed with the first five lines ofB, so thatż
One verifies that z,B (and thus B), as well asp (and thus p) do not depend on the "extra" variableξ 6 , so that these terms can be calculated without having to compute this variable. Now, since B is also of full rank (equal to 5), it is simple to define v and ω so as to achieve the exponential stabilization of z = 0. Take, for instance,
with B † = B ′ (BB ′ ) −1 the Moore-Penrose right pseudoinverse of B. This yields the closed-loop equationż = −kz so that the tracking error g −1 r g converges tof g -the vector composed of the first three components off -and η converges tof η -the vector composed of the fourth and fifth components off . There remains to specifyf . A possibility is given byf = f ε , with f ε defined in Theorem 2 and constant parameters ε, a 1,2,3 , d 1,2,3 that ensure the transversality of f ǫ . Then, α = (θ 1 , θ 2 , θ 3 , Q) andf ranges in a compact set, so that practical stabilization of any reference trajectory for the general two-trailers system follows. Decreasing ε improves the tracking precision, since f ε uniformly tends to the null vector when ε tends to zero, but also renders (BB ′ ) closer to a singular matrix with the common consequence of increasing the intensities of the control inputs v and ω, and thus the frequency of maneuvers, especially when the reference trajectory is not feasible.
E. Asymptotic stabilization of reference trajectories with constant curvature
It is possible to modify the practical stabilizer (24) so as to allow for the asymptotic stabilization of feasible reference trajectories. Rewrite System (23) aṡ
Exponential stabilization of z = 0 can be obtained by using (24) with v and p replaced byṽ andp respectively. A more general control expression, yielding the same closedloop dynamics for z (and thus also unconditional practical stabilization of any reference trajectory) is
−1 a general right pseudo-inverse of B, W any (ℓ + 2) × (ℓ + 2) symmetric positive definite (s.p.d.) matrix, and λ any function of time whose importance in relation to the complementary objective of stabilizing feasible reference trajectories asymptotically is pointed out and explicited in [16] . More precisely, asymptotic stabilization of feasible reference trajectories relies on specific choices of i) the transverse functionf , ii) the "correction term" λ, and iii) the weight matrix W . Possible choices forf and λ are detailed next.
In view of the definition of z, the convergence of z to zero yields the convergence ofg and (η − η r ) to zero whenf g converges to the unit element of SE(2) andf η converges to (η r,1 , η r,2 , 0) ′ . This suggests to use the functionf defined byf
with α = (θ 1 , θ 2 , θ 3 , Q), f r (t) = (0, 0, 0, η r,1 (t), η r,2 (t), 0)
′ and α * a suitable constant element of T 3 ×SO(3). Indeed, the transversality of this function is ensured by the transversality of f ε andf (α * , t) = f r (t) = (0, 0, 0, η r,1 (t), η r,2 (t), 0) ′ . It thus suffices that α converges to α * to obtain the desired convergence result. Following [16] , we propose to achieve the convergence of α to α * via the combined choices of α * and the function λ in (26). As already pointed out, the choice of this latter function does not affect the exponential convergence of z to zero. On the other hand, it influences the system's zero-dynamics associated with z = 0. We propose the function defined by
with k λ ,k λ positive gains, and (q s , q v ) the scalar and vectorial part of the quaternion associated with (Q * ) −1 Q. The expression (28) is inspired by [16] , where a similar function -used for a lower-order system-is shown to yield the convergence of α to a suitably chosen element α * whose correspondance, for the system here considered, is
The proof of convergence remains to be worked out in the present case, but simulation results alike these reported in Section V tend to show that this property is granted for feasible reference trajectories (for which v r,2 = 0) with a constant curvature.
F. Linear asymptotic stabilizers of reference trajectories with constant curvature
Since the linearization of the two-trailers system is controllable along trajectories with a constant curvature, linear asymptotic stabilizers of such trajectories can be obtained by applying classical control design techniques. A possible solution of this type is proposed next for comparison purposes. Let η r denote the reference shape vector defined by (14) and η := η − η r . Define the following variables:
Proposition 2 The feedback law 
A. TF controller
The control law is defined by (26) with W = Diag(1, 1, 100, 100, 100, 100, 100, 100), k = 3 λ and α * given by (28) and (29) respectively, k λ = 5|v r,1 |, andk λ = 20. The transverse function used in the control law is given by (27), with f ε given by (17) and the parameters ε, a 1,2,3 , d 1,2,3 of this function chosen as follows
In order to avoid singularities of the reference shape vector η r at v r,1 = 0 (see (14) ), and discontinuities at timeinstants when the reference velocity is itself discontinuous, the function defined by (14) is approximated by the solution to the following differential equatioṅ
Choosing δ small and k η large yields reference values close to these given by (14) when v r,1 is away from zero, and close to zero when v r,1 = 0. The simulation values are δ = 0.01 and k η = 5. Note that, by design of the TF control solution, the practical stabilization property -contrary to asymptotic stabilization-is basically independent of the choice of η r provided that this term is uniformly bounded. Another practical modification concerns the parameter ε involved in the term f ε (α * ) that we have replaced bỹ
with µ a small positive number, equal to 0.01 in the simulation. Then,ε ≈ ε when v r,1 is away from zero, and ε = 0 when v r,1 = 0 so that the precompensation term fε(α * ) in (27) vanishes in this case. This is coherent with the fact that a non-zero precompensation is not useful when v r,1 = 0 because asymptotic stabilization of fixed points is not achievable with the present solution. Fig. 2 shows the trajectories of the vehicule (full line) and of the reference frame (dashed line) in Cartesian space. The initial position coordinates of the mid-vehicle at t = 0 are (x, y) = (−2, 1), whereas these of the reference frame are (x r , y r ) = (0, 0). The figure also illustrates the control's capacity to maintain the vehicle's position nearby the origin of the reference frame, whatever the trajectory of this frame. Fig. 3 shows the time evolution of the norm of z. Picks occur when the transverse function coefficients a i vary abruptly due to sign changes of v r,1 and also fast variations ofε when v r,1 gets close to zero. These variations could be compensated for at the control level so as to maintain z equal to zero, but we have chosen not to do so for simplicity and to illustrate an aspect of the controller's robustness.
Finally, Fig. 4 shows the time evolution of Cartesian tracking errors, the boundedness of the orientation error, and the convergence of these errors to zero when the reference trajectory is feasible and the curvature c r is constant, i.e when t ∈ [21; 28], t ∈ [44; 50] and t ∈ [52; 57]. (2) frame (dashed line), and Fig 6 shows the time evolution of the Cartesian tracking errors. When the reference trajectory is feasible (or almost feasible) and persistently exciting, the vehicule's behavior is similar to the one obtained with the TF controller. On the other hand, and as expected, the tracking errors can become arbitrarily large when the reference motion is not feasible, as in the case of pure lateral reference motion when t ∈ [35; 42]. Another shortcoming of this solution, not visible on these figures, is the occurence of the knife-edge effect when the reference motion is a pure rotation, when t ∈ [28; 35]. This effect, of no consequence in simulation, would of course be problematic in practice. A third shortcoming of the linear controller is its incapacity to reduce the Cartesian error when the reference frame is motionless, when t ∈ [0; 5]. 
VI. CONCLUSION
A new solution to the trajectory tracking problem has been proposed for the general two-trailers system. Unlike more classical, simpler, but also far less versatile control solutions proposed for this system, it yields practical stabilization of any reference trajectory, whether it is or is not feasible. A direct follow-up of the present work is a completion of the asymptotic stability analysis in the case of feasible trajectories with constant curvature. Other possible extensions include, e.g., the treatment of a larger number of trailers and experimental validation of the proposed solution.
